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Abstract
In this work, the second-quantized version of the spatial-coordinate operator,
known as the Newton-Wigner-Pryce operator, is explicitly given w.r.t. the mass-
less scalar field. Moreover, transformations of the conformal group are calculated
on eigenfunctions of this operator in order to investigate the covariance group w.r.t.
probability amplitudes of localizing particles.
Contents
1 Introduction 1
2 Preliminaries 3
2.1 Bosonic Fock-space and Fourier-transformation . . . . . . . . . . . . . 3
2.2 Massless NWP-operator . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.3 Constantly Used Integrals . . . . . . . . . . . . . . . . . . . . . . . . . 5
3 Conformal Group in the NWP-space 5
4 Conformal-Transformations of NWP-States 12
5 Conclusion and Outlook 18
1 Introduction
Localization is from a mathematical and physical point of view considered to be an
unresolved issue in a relativistic context, see for example [NW49], [Fle5a], [Hal00],
[Her10] and references therein. The concept is well-defined from a non-relativistic
quantum-mechanical (QM) point of view. However, by combining concepts of QM
and relativity, from which the frame-work of quantum field theory (QFT) emerged,
the localization issue was never completely resolved. This is not merely an issue
of construction but points to a more fundamental question about the existence of
localizable particles.
The authors in [NW49] tackled the problem by demanding certain require-
ments from the states of a coordinate operator, which are used to localize elementary
systems. Independently, among other operators the author in [Pry48] gave as well
a definition of an appropriate coordinate operator, which is equivalent to the one
obtained by [NW49]. Although the operator is unique for massive particles with
arbitrary spin and for every massless system with spin 0, 1/2, it has two major
physical setbacks. First, eigenstates of the Newton-Wigner-Pryce (NWP) operator
propagate superluminally and moreover the states are not covariant w.r.t. general
1
2Lorentz-transformations. Hence, there are two different opinions on this subject;
either such localizable particles do not exist in a relativistic context or one can still
make physical sense of the Newton-Wigner-Pryce operator and its respective states.
In this work, we take the second point of view and give, in our opinion, con-
vincing arguments why the NWP sates are of physical interest. In particular, the
importance of these states relies on the fact that they can be used to calculate
the probability amplitude of finding a particle at a certain spatial-position at time
t. Moreover, the second quantization of this operator allows us to calculate the
probability amplitude of finding k-particles at certain spatial-positions at time t.
In order to have a richer example of the NWP-space in a quantum field theo-
retical context (than the massive scalar field [Muc]), we work with the free massless
scalar field. In particular, we show that the localizability of particles, in the massless
case, is not a lost cause. In general, the covariance group in the massless case is
more than solely the Poincaré group, it is given by the conformal group. Hence, we
investigate the covariant transformation property of NWP-states under conformal
transformations. The importance therein has a physical reasoning. It is first of
all done in order to prove that although the NWP-states are non-covariant w.r.t.
to the whole conformal group there exist transformations of a subgroup of the
conformal group that preserve their covariant character. Furthermore, given two
observers measuring, for a given covariant state, the probability of finding k-particles
at k-spatial-positions. If these two observers are in two relatively to each other
transformed frames, for example one is rotated, space-time translated or dilated
to the other then they can agree on the observation of the probability of spatial
positions, by using the covariant transformation rules.
Besides calculations of position-probability amplitudes of particles, the NWP-
operator has an additional physical relevance. In this work we prove that by solely
using the coordinate and relativistic momentum operator, one is able to define all
generators of the conformal group. Hence, in some sense, the NWP-operator can be
seen as essential for implementing relativistic symmetries.
Another motivation besides understanding localization to translate the confor-
mal group into the coordinate space, is non-commutative (NC) geometry applied to
quantum field theory (QFT). In particular the geometry that is quantized in NCQFT
is the geometry of the NWP-space. Hence, in order to understand the outcome and
the action of a deformation of QFT using, for example (see [Muc14]) the conformal
group, we need a better understanding of the commutative case.
The paper is organized as follows; Section two gives a quick introduction to
the tools needed in this paper, where we define the Fock space of the free massless
scalar field, the Newton-Wigner-Pryce operator and the algebra of the Fourier-
transformed ladder operators. In section four, the conformal algebra for a massless
scalar field is transformed into the NWP-space. Section five investigates the
covariance of the NWP-space under the Conformal group.
Conventions 1.1. We use d = n + 1, for n ∈ N and the Greek letters are split into
µ, ν = 0, . . . , n. Moreover, we use Latin letters for the spatial components which run
from 1, . . . , n and we choose the following convention for the Minkowski scalar product
of d-dimensional vectors, a · b = a0b0 + akbk = a0b0 − ~a ·~b. Furthermore, we use the
common symbol S (Rn) for the Schwartz-space.
32 Preliminaries
2.1 Bosonic Fock-space and Fourier-transformation
We briefly define the Bosonic Fock space for a free scalar field φ with mass m = 0 on
the n+ 1-dimensional Minkowski spacetime. In particular a particle with momentum
p ∈ Rn has the energy ωp given by ωp = |p|. Another quantity needed for the
definition of the Fock-space is the Lorentz-invariant measure: dnµ(p) = dnp/(2ωp).
Definition 2.1. The Bosonic Fock space H + is defined as in [Fre06, Sib93]:
H
+ =
∞⊕
k=0
H
+
k
where the k particle subspaces are given as
H
+
k = {Ψk : ∂V+ × · · · × ∂V+ → C symmetric|
‖Ψk‖2 =
∫
dnµ(p1) . . .
∫
dnµ(pk)|Ψk(p1, . . . ,pk)|2 <∞},
with
∂V+ := {p ∈ Rn+1|p2 = 0, p0 > 0}.
The particle annihilation and creation operators can be defined by their action on
k-particle wave functions
(ac(f)Ψ)k(p1, . . . ,pk) =
√
k + 1
∫
dnµ(p)f(p)Ψk+1(p,p1, . . . ,pk)
(ac(f)
∗Ψ)k(p,p1, . . . ,pk) =


0, k = 0
1√
k
k∑
l=1
f(pl)Ψk−1(p1, . . . ,pl−1,pl+1, . . . ,pk), k > 0
with f ∈ H1 and Ψk ∈ H +k . The commutation relations of the smeared annihilation
and creation operators ac(f), ac(f)
∗ follow from their action on the functions Ψ and
are given as follows
[ac(f), ac(g)
∗] = 〈f, g〉 =
∫
dnµ(p)f(p)g(p), [ac(f), ac(g)] = 0 = [a
∗
c(f), a
∗
c(g)].
The ladder operators with sharp momentum are introduced as operator valued distri-
butions in the following
ac(f) =
∫
dnµ(p)f(p)ac(p), ac(f)
∗ =
∫
dnµ(p)f(p)a∗c(p),
where the ladder operators with sharp momentum satisfy the well-known commutator
relations
[ac(p), ac(q)
∗] = 2ωpδn(p− q), [ac(p), ac(q)] = 0 = [a∗c(p), a∗c(q)].
In the following sections, we use the non-covariant normalization given by,
a(p) =
ac(p)√
2ωp
, a∗(p) =
a∗c(p)√
2ωp
. (2.1)
Next, we define the Fourier-transformation of the ladder operators that were given in
the former expressions. These transformations are of physical importance in regards
to the following sections.
2.2 Massless NWP-operator 4
Definition 2.2. Fourier-transformation
In order to change from momentum space to the NWP-space we use explicit
expressions for the Fourier-transformed creation and annihilation operators which are
given by,
a(p) = (2π)−n/2
∫
dnx eipkx
k
a˜(x), a∗(p) = (2π)−n/2
∫
dnx e−ipkx
k
a˜∗(x).
The commutation relation between the ladder operators in momentum space gives us
directly the relations for ladder operators of the NWP space,
δn(p− q) = [a(p), a∗(q)] = (2π)−n
∫∫
dnx dny eipkx
k
e−iqky
k
[a˜(x), a˜∗(y)]︸ ︷︷ ︸
=δn(x−y)
.
Inverse Fourier-transformations of momentum space operators to the NWP-space lad-
der operators are given by,
a˜(x) = (2π)−n/2
∫
dnp e−ipkx
k
a(p), a˜∗(x) = (2π)−n/2
∫
dnp eipkx
k
a∗(p). (2.2)
2.2 Massless NWP-operator
The (spatial)-QFT-position operator for a massive free scalar field is defined by the
Newton-Wigner-Pryce operator, [Pry48] and [NW49]. On a one particle wave-function
it acts as follows, [Sch61, Chapter 3c, Equation 35]
(Xjϕ)(p) = −i
(
pj
2ω2m,p
+
∂
∂pj
)
ϕ(p), (2.3)
where ωm,p is the relativistic-energy for a particle with mass m. In order to prove
that the NWP-operator is in the massless case equivalently represented as in the
massive case, we can proceed in different ways. First, we can take Equation (2.3) and
perform the massless limit. Since, the energy ωm,p is the only term that is affected
by the limit, the massless NWP-operator is given by exchanging in Formula (2.3) the
massive energy with ωp. Therefore, the coordinate operator for a massless QFT has
the same form as in the massive case. Another possible path to proceed is to define the
coordinate operator as unitary equivalent to the second-quantized spatial-component
of the relativistic momentum operator. In terms of the Fock space operators the
relativistic momentum operator is given as,
Pµ =
∫
dnp pµ a
∗(p)a(p). (2.4)
The unitary equivalence of the coordinate to the spatial momentum operator is given
by the unitary map represented by the Fourier-transformation. In particular, it was
proven that the NWP-operator can be represented as a self-adjoint operator on the do-
main,
⊗k
i=1 S (R
n), with S (Rn) denoting the Schwartz space, for details see [Muc13]
and [Muc15]. The explicit Fock-space representation of the spatial-coordinate operator
is given by,
Xj = −i
∫
dnp a∗(p)
∂
∂pj
a(p).
Since the spatial-momentum operator has the same form in the massless case as in the
massive one, the NWP-operator, defined through the unitary equivalence, takes the
same form as in the massive case. This is stems from the fact that ladder operators do
not explicitly depend on the mass. The commutation relations between the spatial-
momentum operator and the NWP-operator are given by, see [SS09] or [Muc15],
[Xj , Pk] = −iηjkN, (2.5)
2.3 Constantly Used Integrals 5
where N is the particle-number operator represented in Fock-space as
N =
∫
dnp a∗(p)a(p). (2.6)
Next, we want to give the physical interpretation and relevance of this operator. The
eigenfunctions of the Newton-Wigner-Pryce operator, simultaneously representing the
localized wave functions at time x0 = 0, are given by, [Sch61, Chapter 3, Equation 38]
Ψx,0(p) = (2π)
−n/2 e−ip·x (2ωp)1/2.
Let a free massless scalar field be in a state Φ(p) at time t = 0. Then, the probabil-
ity amplitude of finding a particle at the position x is given by, [Sch61, Chapter 3,
Equation 44]
〈Ψx,Φ〉 =
∫
dnµ(p)Ψx,0(p)Φ(p).
In order to extend this quantity to k-particles to calculate the probability amplitude
for finding k-particle at positions x1 · · ·xk at time x0 = x10 = · · · = xk0, the following
operator is introduced, [Sch61, Chapter 7, Equation 99],
φ1(x) =
∫
dnµ(p)Ψx,x0(p)ac(p) = (2π)
−n/2
∫
dnp e−ip·x a(p), (2.7)
and we apply k-times φ1 on |Φ1〉 and the vacuum as follows,
Φ1(x1, · · · , xk) = (k!)−1/2〈0|φ1(x1) · · ·φ1(xk)|Φ1〉.
It is important to point out that the operator φ1(x) at time x
0 = 0 is nothing else
than the Fourier-transformed annihilation operator, see Equation (2.2). Moreover, the
Newton-Wigner-Pryce operator has the following coordinate space representation (for
proof see [Muc, Lemma 3.1]),
Xj =
∫
dnxxj a˜
∗(x)a˜(x).
2.3 Constantly Used Integrals
To make this work self-contained, we give in this section a general formula for certain
Fourier-transformed functions. In particular, these formulas can be found in [GS64,
Chapter III, Section 2.6-2.8],
P˜λ =
∫
dnp |~p|2λ exp(−i pkzk) (2.8)
= 22λ+nπ
1
2
n Γ(λ+
1
2n)
Γ(−λ)
(
z21 + · · ·+ z2n
)−λ− 1
2
n
,
where Γ denotes the Gamma-function.
3 Conformal Group in the NWP-space
In this section we change the basis of the conformal group, which is given in terms
of Fock-space operators in the momentum space, to the coordinate space. The
base changes are mathematically well-defined on the domain
⊗k
i=1 S (R
n). This
conclusion follows from the fact that we use the Fourier-transformation for the base
change and this transformation acts as a linear automorphism on the Schwartz-space.
Hence, we conclude that the base change is well-defined.
6However, an exception to the rule is given by the Lorentz generators generat-
ing boosts. They do not map the Schwartz-space to itself since the coefficient
functions of the differential operators are not differentiable at p = 0. Hence, if one
intends to calculate the adjoint action w.r.t. the Lorentz-boosts one has to choose the
space of analytic functions on S2 × R, more specifically of analytic sections, which is
the light-cone without the tip, (see [Dra12, Chapter 8.6]).1
From a quantum field theoretical point of view, the conformal group is of great
interest. In particular, the group is defined as the set of all conformal transformations.
The definition of a conformal transformation is an invertible mapping x′ → x, leaving
a d-dimensional metric g invariant. The invariance holds, modulo a scale factor,
[DFMS97]:
g′µν(x
′) = F (x)gµν(x). (3.1)
Conformal mappings can be essentially summarized as Lorentz transformations,
translations, dilations and special conformal transformations. The generators of these
transformations are given by the operators Mµν , Pρ, D, Kσ.
The conformal algebra is defined by the commutation relations of the genera-
tors and is given as follows:
[Mµν ,Mρσ] = i (ηµσMνρ + ηνρMµσ − ηµρMνσ − ηνσMµρ, ) (3.2)
[Pρ,Mµν ] = i (ηρµPν − ηρνPµ) , [Kρ,Mµν ] = i (ηρµKν − ηρνKµ) , (3.3)
[Pρ, D] = iPρ, [Kρ, D] = −iKρ, (3.4)
[Pρ,Kµ] = 2i (ηρµD −Mρµ) , (3.5)
where all other commutators are equal to zero.
To transform the momentum and Lorentz operators in to the NWP-space we
can take the massive expressions (see [Muc]) and perform a massless limit, i.e.
m → 0. However, in order to make this work self-contained we calculate most
expressions explicitly.
Lemma 3.1. The zero component in the massless case is given by,
P0 =
∫
dnx a˜∗(x) (ω˜ ∗ a˜) (x),
with function ω˜(x) := −π−n+12 Γ(n+12 )|x|−(n+1) and ∗ denoting the convolution.
The massless spatial momentum operator takes the same form in coordinate
space as in the massive case,
Pj = −i
∫
dnx a˜∗(x)
∂
∂xj
a˜(x).
Proof. For the proof we take the expression of the massless energy operator (see
Equation (2.4)) and transform, by explicit Fourier-transformation, into the coordinate
space,
P0 =
∫
dnpωp a
∗(p)a(p)
= (2π)−n
∫
dnp |p|
∫
dnx eipkx
k
a˜∗(x)
∫
dny e−iply
l
a˜(y)
= (2π)−n
∫∫
dnx dny
(∫
dnp |p| eipk(x−y)k
)
a˜∗(x)a˜(y)
= −π−n+12 Γ(n+ 1
2
)
∫∫
dnx dny
1
|x− y|n+1 a˜
∗(x)a˜(y),
1I am indebted to Prof. N. Dragon for this remark.
7where the Fourier-transformation can be found in [GS64, Chapter III, Section 2.6] or
see Equation (2.8). The spatial momentum operator does not depend explicitly on
the mass term, hence its representation in the massless is equivalent to the massive
case, (see [Muc]).
Other important expressions in the NWP-context are the velocity and the particle
number operator. One way to calculate the velocity operator is by using the Heisenberg
equation of motion,
[P0, Xj ] = −iVj. (3.6)
Since, we represented the relativistic energy and the NWP-operator in coordinate
space, the calculation of the commutator gives us the velocity directly in coordinate
space. In order to represent the particle number operator in the NWP-space we apply
a Fourier-transformation on the expression in momentum space (see Equation (2.6)).
Lemma 3.2. The velocity operator is given, in the massless case, as follows
Vj = −i
∫
dnx a˜∗(x) (ω˜j ∗ a˜) (x), (3.7)
with function ω˜j(x) := −π−n+12 Γ(n+12 ) |x|−(n+1) xj and ∗ denoting the convolution.
Moreover, the particle number operator N is in the coordinate space given by,
N =
∫
dnx a˜∗(x)a˜(x). (3.8)
Proof. We calculate the velocity by taking the commutator of the spatial coordinate
space and the zero component of the momentum (see Heisenberg-Equation (3.6)),
which is given in the former theorem, i.e.
[P0, Xj ] =
∫∫
dnx dnz zj [a˜
∗(x) (ω˜ ∗ a˜) (x), a˜∗(z)a˜(z)]
=
∫∫∫
dnx dny dnz zj ω˜(x− y) [a˜∗(x)a˜(y), a˜∗(z)a˜(z)]︸ ︷︷ ︸
−δ(x−z)a˜∗(z)a˜(y)+δ(y−z)a˜∗(x)a˜(z)
= −
∫∫
dnx dny (x− y)j ω˜(x− y)a˜∗(x)a˜(y).
For the particle number operator we use the Fourier-transformation as in the proof of
the former lemma,
N =
∫
dnp a∗(p)a(p)
= (2π)−n
∫
dnp
∫
dnx eipkx
k
a˜∗(x)
∫
dny e−iply
l
a˜(y)
= (2π)−n
∫∫
dnx dny
(∫
dnp eipk(x−y)
k
)
︸ ︷︷ ︸
(2π)nδ(x−y)
a˜∗(x)a˜(y).
Next, we turn our attention to the expressions of Lorentz generators. They are
given as in the massive case by (see [IZ12, Equation 3.54] and in this context see also
[SS09, Appendix]),
Mj0 = i
∫
dnp a∗(p)
(
pj
2ωp
− ωp ∂
∂pj
)
a(p), (3.9)
Mik = i
∫
dnp a∗(p)
(
pi
∂
∂pk
− pk ∂
∂pi
)
a(p). (3.10)
8It is interesting and important to note that operators of boost and rotations can
be given by the second quantization (denoted by dΓ(·) see [RS75, Chapter X.7]) of
symmetric or skew-symmetric products of the momentum and coordinate operator.
Theorem 3.1. For the massless scalar field the generators of the proper or-
thochronous Lorentz-group L ↑+ can be written in terms of the second quantization
of products of the NWP-operator with relativistic four-momentum as,
M0j =
1
2
(
dΓ(XjP0) + dΓ(P0Xj)
)
, Mik = dΓ(XiPk)− dΓ(XkPi). (3.11)
Proof. For the boosts we have,
M0j =
1
2
(
dΓ(XjP0) + dΓ(P0Xj)
)
=
1
2
dΓ([Xj , P0]) + dΓ(P0Xj)
=
i
2
dΓ(Vj) + dΓ(P0Xj),
where in the last lines we used the Heisenberg equation of motion. By comparing the
last line with Formula (3.9) the proof follows. For rotations, the representation follows
trivially.
The interesting fact about the former Theorem is that in principle one can define
the generators of the Lorentz-group in a k-particle space by solely using the translation
group and the NWP-operator. This resembles the proof of the Maxwell-equations
by using the canonical commutation relations of Feynman (published by Dyson,
[Dys90]). In particular, the existence of the NWP-operator and the translation
group are sufficient to build the Poincaré group, i.e. the group responsible for the
implications of special relativity. Hence, the commutation relations with the addition
of relativistic energy can be used to implement relativistic principles. This fact,
is, in our opinion, an additional argument for the physical sense of the NWP-operator.
Next, we turn our attention to the explicit expressions of Lorentz generators
in the coordinate space.
Lemma 3.3. The boost generators of the Lorentz group expressed in the terms of
ladder operators of the free massless scalar field are given in the coordinate space as
M0j =
1
2
∫∫
dnx dny (x+ y)j ω˜(x − y)a˜∗(x)a˜(y).
The operator of rotations takes the, from a quantum mechanical point of view, familiar
and to the massive case equivalent form,
Mik = i
∫
dnx a˜∗(x)
(
xi
∂
∂xk
− xk ∂
∂xi
)
a˜(x).
Proof. Since in the proof of [Muc, Lemma 4.3] we did not explicitly encounter the mass
when we calculated the representation of rotations in the coordinate space, we conclude
that they have the same form. Next, we turn to the proof of the representation of
Lorentz boosts in coordinate space. The first term is simply the massless velocity
operator times i2 (see Equation (3.11)). Hence, we focus here only on the second part,
− i
∫
dnp a∗(p)ωp
∂
∂pj
a(p)
= −i
∫
dnp
∫
dnx e−iprx
r
a˜∗(x)ωp
∂
∂pj
∫
dny eipsy
s
a˜(y)
= (2π)−n
∫∫
dnx dny
(∫
dnp |p| e−ipk(x−y)k
)
yj a˜
∗(x)a˜(y)
= −π−n+12 Γ(n+ 1
2
)
∫∫
dnx dny yj
1
|x− y|n+1 a˜
∗(x)a˜(y)
=
∫∫
dnx dny yj ω˜(x− y)a˜∗(x)a˜(y),
9In order to translate the special conformal and the dilatation operator into the co-
ordinate space, we first write the momentum space representation, see [SS09]. More-
over, we restrict this part to the physical space-time dimension four. The dilatation
operator is given in momentum space as
D = −i
∫
d3p a∗(p)
(
3
2
+ pl
∂
∂pl
)
a(p), (3.12)
and for the special conformal operators we have,
K0 = −
∫
d3p a∗(p)
(
3
4ωp
+
pl
ωp
∂
∂pl
− ωp ∂
∂pl
∂
∂pl
)
a(p), (3.13)
Kj = −
∫
d3p a∗(p)
(
pj
4ω2p
+ 3
∂
∂pj
+ 2pl
∂
∂pl
∂
∂pj
− pj ∂
∂pl
∂
∂pl
)
a(p). (3.14)
Lemma 3.4. The four-dimensional dilatation operator is given in the coordinate rep-
resentation as follows,
D = i
∫
d3x a˜∗(x)
(
3
2
+ xl
∂
∂xl
)
a˜(x). (3.15)
Proof. The Fourier-transformation is straight-forward in this case, e.g.
D = −i
∫
d3p a∗(p)
(
3
2
+ pl
∂
∂pl
)
a(p)
= −i(2π)−3
∫
d3p
∫
d3x e−iprx
r
a˜∗(x)
(
3
2
+ pl
∂
∂pl
)∫
d3y eipky
k
a˜(y)
= −3i
2
∫
d3x a˜∗(x)a˜(x)− i(2π)−3
∫∫
d3p d3x e−iprx
r
a˜∗(x)
∫
d3y
(
yl
∂
∂yl
eipky
k
)
a˜(y)
=
3i
2
∫
d3x a˜∗(x)a˜(x) + i(2π)−3
∫∫
d3p d3x e−iprx
r
a˜∗(x)
∫
d3y eipky
k
yl
∂
∂yl
a˜(y)
= i
∫
d3x a˜∗(x)
(
3
2
+ xl
∂
∂xl
)
a˜(x).
The outcome of the dilatation operator is interesting. In essence, it is equivalent
to its momentum representation modulo a sign. This is what one might expect, since
this operator performs dilatations in a complimentary manner, with regard to the
momentum and coordinate space.
Next, we transform the special conformal operators into the coordinate space.
From a calculational point of view these operators are the most difficult ones.
Lemma 3.5. The zero component of the special conformal operators has the following
form in coordinate space
K0 = π
−2
∫∫
d3x d3y a˜∗(x) |x − y|−2
(
9
8
− |x− y|−2|y|2 + y
l
2
∂
∂yl
)
a˜(y).
Proof. In order to make this calculation more readable we separate the zero component
into three parts as follows,
K0 = −
∫
d3p a∗(p)
(
3
4ωp
+
pl
ωp
∂
∂pl
− ωp ∂
∂pl
∂
∂pl
)
a(p)
=: K10 +K
2
0 +K
3
0 .
10
Let us take a look at the first part,
K10 = −
3
4
∫
d3p a∗(p)ω−1p a(p)
= −3
4
(2π)−3
∫∫
d3x d3y a˜∗(x)
(∫
d3p e−ipk(x−y)
k
ω−1p
)
a˜(y)
= −3
8
π−2
∫∫
d3x d3y a˜∗(x) |x − y|−2a˜(y).
Next we turn our attention to the second term of the zero component of the special
conformal operator,
K20 = −
∫
d3p a∗(p)
pl
ωp
∂
∂pl
a(p)
= −(2π)−3
∫
d3p
∫
d3x e−iprx
r
a˜∗(x)
∫
d3y
(
pl
ωp
∂
∂pl
eipky
k
)
a˜(y)
= −(2π)−3
∫
d3x a˜∗(x)
∫
d3p
1
ωp
e−iprx
r
∫
d3y
(
yl
∂
∂yl
eipky
k
)
a˜(y)
= (2π)−3
∫∫
d3x d3y a˜∗(x)
(∫
d3p
1
ωp
e−ipk(x−y)
k
) (
3 + yl
∂
∂yl
)
a˜(y)
= (2)−1π−2
∫∫
d3x d3y a˜∗(x)
(|x− y|−2)
(
3 + yl
∂
∂yl
)
a˜(y),
where in the last lines we performed a partial integration and used Formula (2.8). The
last term of the zero component is given by
K30 =
∫
d3p a∗(p)ωp
∂
∂pl
∂
∂pl
a(p)
= (2π)−3
∫
d3p
∫
d3x e−iprx
r
a˜∗(x)
∫
d3y
(
ωp
∂
∂pl
∂
∂pl
eipky
k
)
a˜(y)
= (2π)−3
∫∫
d3x d3y a˜∗(x)
(∫
d3pωp e
−ipk(x−y)k
)
|y|2a˜(y)
= −(π)−2
∫∫
d3x d3y a˜∗(x)
(|x− y|−4) |y|2a˜(y),
where in the last lines we used the action of the differential operators w.r.t. p on the
exponential function and used as before Equation (2.8).
Next, we give the base change of the spatial part of the special conformal operator.
Lemma 3.6. The spatial components of the special conformal operators have the
following form in coordinate space,
Kj = − i
16
π−1
∫∫
d3x d3y a˜∗(x)|x − y|−1 ∂
∂yj
a˜(y) (3.16)
+ i
∫
d3x a˜∗(x)
(
3xj + 2xjx
l ∂
∂xl
− xlxl ∂
∂xj
)
a˜(x)
Proof. Let us first recall and define the expression of the special conformal operators
in the momentum space, i.e.
Kj = −
∫
d3p a∗(p)
(
pj
4ω2p
+ 3
∂
∂pj
+ 2pl
∂
∂pl
∂
∂pj
− pj ∂
∂pl
∂
∂pl
)
a(p)
= K1j − 3iXj +K2j +K3j .
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The second term in the spatial conformal operator is simply the coordinate operator
times a constant. This fact was used in [SB10]. Hence, the remaining terms of interest
are K1j , K
2
j , K
3
j . Let us start with first object,
K1j = −
1
4
∫
d3p a∗(p)
(
pj
ω2p
)
a(p)
= −1
4
(2π)−3
∫
d3p
∫
d3x e−iprx
r
a˜∗(x)
∫
d3y
(
pj
ω2p
eipky
k
)
a˜(y)
= − i
4
(2π)−3
∫∫
d3x d3y a˜∗(x)
(∫
d3p
1
ω2p
e−ipk(x−y)
k
)
∂
∂yj
a˜(y)
= − i
16
π−1
∫∫
d3x d3y a˜∗(x)|x − y|−1 ∂
∂yj
a˜(y),
where in the last lines we expressed the momentum as a derivative, performed a partial
integration and used the Fourier-transformation given in Formula (2.8) for λ = −1.
A general term which includes, after taking the corresponding indices, the second and
third operator of the spatial special conformal object is given by,
Oj =
∫
d3p a∗(p)
(
pr
∂
∂pl
∂
∂pj
)
a(p)
= (2π)−3
∫
d3p
∫
d3x e−ipsx
s
a˜∗(x)
∫
d3y
(
pr
∂
∂pl
∂
∂pj
eipky
k
)
a˜(y)
= i(2π)−3
∫
d3p
∫
d3x e−ipsx
s
a˜∗(x)
∫
d3y
(
yjy
l ∂
∂yr
eipky
k
)
a˜(y)
= −i
∫
d3x a˜∗(x)
(
ηrjx
l + η lr xj + xjx
l ∂
∂xr
)
a˜(x),
where in the last lines we applied the derivatives to the exponential, expressed the
coordinate y as a derivative and performed a partial integration.
Remark 3.1. As for Lorentz generators, dilatation and special conformal operators
can be written in terms of symmetric second-quantized products of the momentum
and NWP-operator. For the dilatation operator it is straight forward,
D =
1
2
(
dΓ(PjX
j) + dΓ(XjPj)
)
.
while the special-conformal operators are a bit more involved. For the zero component
we have,
K0 = −3
4
dΓ(P−10 )− idΓ(V lXl) + dΓ(P0XlX l)
while the spatial components in terms of the NWP and the momentum operator read,
Kj = −1
4
dΓ(P−10 Vj)− 3idΓ(Xj) + 2dΓ(P lXlXj)− dΓ(PjXlX l).
In this section we expressed all generators of the conformal group in terms of
the ladder operators of the NWP space for x0 = 0. However, the operator φ1 (see
Equation (2.7)) responsible for calculating the probability of finding k-particle at a
certain position has an explicit time dependence. Hence, in order to connect our
results with this time-dependency we give the following proposition.
Proposition 3.1. The operator φ1 that has the following form,
φ1(x) = (2π)
−n/2
∫
dnp e−ip·x a(p),
can be obtained by performing a time-translation on the annihilation operator a˜ of the
NWP-space as follows
φ1(x
0,x) = eix
0P0 a˜(x)e−ix
0P0 , x0 ∈ R.
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Proof. By using the inverse Fourier-transformation of a˜ and the transformation of
the annihilation operator in momentum space under time-translation, the proof is
completed, i.e.
eix
0P0 a˜(x)e−ix
0P0 = (2π)−n/2
∫
dnp e−ipkx
k
eix
0P0a(p)e−iy
0P0
= (2π)−n/2
∫
dnp e−ipkx
k
e−ip0x
0
a(p).
Hence, we can simply time-translate all the operators of the conformal group in
the NWP-space, by using the same time x0, in order to obtain the expressions for
a general time and in terms of the operator φ1. Since the zero component of the
momentum commutes with the spatial momentum and the rotations, we only have to
calculate the time-translation for the remaining generators by using the algebra.
Lemma 3.7. The dilatation transforms under time-translations as follows,
eix
0P0De−ix
0P0 = D − x0P0,
where x0 ∈ R. Under time-translations the special conformal operator transforms as,
eix
0P0Kµe
−ix0P0 = Kµ − 2x0 (η0µD −M0µ)− (x0)2 (Pµ) .
Proof. The proof solely uses the conformal algebra (see Formulas (3.4) and (3.5)). For
the dilatations we have,
eix
0P0De−ix
0P0 = D − x0P0 + i
2
2!
(x0)2 [P0, [P0, D]] + · · ·︸ ︷︷ ︸
=0
= D − x0P0,
where in the last lines we used the Backer-Hausdorff formula. A more complex ex-
pression is the transformation of the special-conformal operator, i.e.
eix
0P0Kµe
−ix0P0 = Kµ + ix0[P0,Kµ] +
i2
2!
(x0)2[P0, [P0,Kµ]] + · · ·︸︷︷︸
=0
= Kµ − 2x0 (η0µD −M0µ)− (x0)2 (η00Pµ) ,
where we used the Baker-Campbell-Hausdorff formula and the specific commutator
relations of the conformal algebra.
Since, we have all expressions in terms of generators of the NWP-space we can
equivalently give the conformal algebra expressed by operators φ∗1(x0,x) and φ1(x0,y).
Note that neither the coordinate operator nor its respective eigenstates are covariant
w.r.t. general Lorentz-transformations. Nevertheless, the generators of the conformal
group obey the covariant transformation property independent of their representation.
Hence, even though we use non-covariant eigenstates, operators of the conformal group
represented in the NWP-space respect the Poincaré symmetry.
4 Conformal-Transformations of NWP-States
In this section we calculate the explicit adjoint action of the conformal group on
the Fourier-transformed ladder operators. In some cases this is done by taking the
massless limit of the massive theory.
The main physical motivation to calculate the adjoint action w.r.t. conformal
transformations, in the coordinate space, is given by the fact that we use operator
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φ1(x) to calculate the probability of localizing k-particles at k-spatial positions.
Therefore, we intend to investigate under which subgroup of the conformal group the
probability amplitudes of localization are covariant.
In order find the covariance group, we first define the unitary operator gener-
ating transformations of the orthochronous proper Poincaré group P↑+ = L
↑
+ ⋉ R
4
denoted by U(y,Λ). It transforms creation and annihilation operators in the following
fashion, [Sch61, Chapter 7],
U(y,Λ)a(p)U(y,Λ)−1 =
√
ωΛp
ωp
e−i(Λp)µy
µ
a(Λp), (y,Λ) ∈ P↑+, (4.1)
U(y,Λ)a∗(p)U(y,Λ)−1 =
√
ωΛp
ωp
ei(Λp)µy
µ
a∗(Λp), (y,Λ) ∈ P↑+. (4.2)
By using the former equations we first calculate the adjoint action of translations on
the NWP-ladder operators.
Lemma 4.1. The Fourier-transformed ladder operator a˜ of the massless field trans-
forms under translations as follows,
U(y, I)a˜(x)U(y, I)−1 = cy
(
1
|x+ y|2 − (y0)2
)2
∗ a˜(x+ y), (4.3)
where cy =
iy0
π2 , ∗ denotes the convolution and y ∈ Rd.
Proof. The proof for spatial translations can be done as in the massive case (see [Muc,
Lemma 5.1]) since for this proof there is no explicit mass dependency. In particular
they act accordingly as spatial translations in coordinate space, i.e.
U(y, I)a˜(x)U(y, I)−1 = (2π)3/2
∫
d3p e−ipkx
k
U(y, I)a(p)U(y, I)−1
= (2π)−3/2
∫
d3p e−ipk(x+y)
k
a(p) = a˜(x+ y).
For time translations, we take the massless limit of the massive case (see [Muc, Lemma
5]) where we had the integral,
(2π)−3
∫
d3p e−ipkx
k
e−iy
0ωm,p =
iy0
2π2
m2K2(m
√
|x− z|2 − (y0)2)
|x− z|2 − (y0)2 ,
with ωm,p being the energy for a particle with mass m. By using the following limit,
lim
m→0
m2K2(mf) =
2
f2
, (4.4)
the explicit form of the time translation can be given in the massless case as follows,
U(y0, I)a˜(x)U(y0, I)−1 = eiy
0P0 a˜(x)e−iy
0P0
= (2π)−3/2
∫
d3p e−ipkx
k
e−iy
0ωpa(p)
= (2π)−3
∫
d3z
(∫
d3p e−ipk(x−z)
k
e−iωpy
0
)
a˜(z)
=
iy0
π2
∫
d3z
(
1
|x− z|2 − (y0)2
)2
a˜(z).
By taking the commutativity of the components of the momentum operator into ac-
count, we obtain the general transformation behavior under translations by using the
former two results, i.e.
U(y, I)a˜(x)U(y, I)−1 = U(y0, I)U(y, I)a˜(x)U(y, I)−1U(y0, I)−1. (4.5)
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Before we turn to the Lorentz transformations in the massless case, we define the
rotation group. In particular we denote matrices of the Lorentz group representing
pure rotations as ΛR. They are given by matrices of the following form,
ΛR =
(
1 0
0 R
)
, R ∈ SO(3).
Lemma 4.2. Under pure rotations the Fourier-transformed ladder operators a˜ trans-
forms in a covariant manner as follows,
U(0,ΛR)a˜(x)U(0,ΛR)
−1 = a˜(Rx).
Proof. The proof is done analog to the proof of the former Lemma. However, we
could take the results of [Muc, Lemma 5.2] and perform the massless limit by using
Equation (4.4). First, we calculate the action of pure spatial rotations on the Fourier-
transformed annihilation operator,
U(0,ΛR)a˜ (x)U(0,ΛR)
−1 = (2π)−3/2
∫
d3p e−ipkx
k
U(0,ΛR)a(p)U(0,ΛR)
−1
= (2π)−3/2
∫
d3p e−ipkx
k
√
ωRp
ωp
a(Rp)
= (2π)−3/2
∫
d3p e−ipk(Rx)
k
a(p),
in the last lines we used the transformation behavior of the non-covariant momentum
ladder operators (see [Sch61, Chapter 7, Equation 57]) and the orthogonality of ΛR
for pure spatial rotations.
The NWP ladder operators transform non-covariantly w.r.t. the Lorentz-boosts.
This is to be expected, since the NWP-operator is non-covariant w.r.t. the boosts.
However, we see in the next theorem that the operator φ1(x) is at least covariant w.r.t.
space-time translations and pure rotations.
Theorem 4.1. The NWP-ladder operators transform under space-time translations
and pure rotations, i.e. with (y,ΛR) ∈ P↑+, as follows,
U(y,ΛR)a˜(x)U(y,ΛR)
−1 =
iy0
π2
(
1
|Rx+ y|2 − (y0)2
)2
∗ a˜(Rx+ y) (4.6)
U(y,ΛR)a˜
∗(x)U(y,ΛR)−1 = − iy
0
π2
(
1
|Rx+ y|2 − (y0)2
)2
∗ a˜∗(Rx+ y). (4.7)
Moreover, the operator used to calculate the probabilities, i.e. φ1(x) transforms co-
variantly,
U(y,ΛR)φ1(x)U(y,ΛR)
−1 = φ1(ΛRx+ y) (y,ΛR) ∈ P↑+. (4.8)
Proof. By using Lemmas 4.1 and 4.2 we deduce,
U(y,ΛR)a˜(x)U(y,ΛR)
−1 = U(y, I)U(0,ΛR)a˜(x)U(0,ΛR)−1U(y, I)−1
= U(y, I)a˜(Rx)U(y, I)−1
=
iy0
π2
(
1
|Rx+ y|2 − (y0)2
)2
∗ a˜(Rx+ y),
where in the last lines we used the fact that a general Poincaré transformation can
be split in first Lorentz-transformation and then space-time translation. An analog
proof can be done for the creation operator a˜∗ or we can use the fact that we have
unitary operators generating the transformations and take the adjoint of the former
equality.
15
In order to calculate the adjoint action of the operator φ1(x), we use the fact
that time translations commute with the unitary operator of the Poincaré group for
pure rotations, i.e.
U(y,ΛR)φ1(x)U(y,ΛR)
−1 = U(y,ΛR)U(x0, I)a˜(x)U(x0, I)−1U(y,ΛR)−1
= U(x0, I)U(y,ΛR)a˜(x)U(y,ΛR)
−1U(x0, I)−1
= U(x0 + y0, I)U(y, I)a˜(Rx)U(y, I)
−1U(x0 + y0, I)−1
= U(x0 + y0, I)a˜(Rx+ y)U(x0 + y0, I)
−1 = φ1(ΛRx+ y).
Next, we investigate the adjoint action w.r.t. the dilatations. In order to calculate
the adjoint action of dilatations on the NWP-space we first calculate the commutator
of the dilatation operator with the coordinate operator. From that we can deduce
the adjoint action of the dilatations acting on the coordinate ladder operators. This
construction is analog to the one in [SU12, Chapter 9.4].
Lemma 4.3. The adjoint action w.r.t. the dilatations acting on the NWP-operator
is given as follows,
eiαDXje
−iαD = e−αXj ,
where in order to perform the calculations of the adjoint action the following commu-
tator relation was used,
[D,Xj] = iXj .
From the former equation it follows that Xje
−iαD|x〉 is an eigenvector of Xj with
eigenvalue e−αxj. Therefore, one concludes that the transformation behavior of the
operator a˜(x) under dilatations is
eiαD a˜(x)e−iαD = e
3
2
α a˜(eαx).
Proof. In order to proof the transformational behavior we first calculate the commu-
tator of the dilatation operator with the NWP-operator,
[D,Xj ] = i
∫∫
d3x d3y yj [a˜
∗(x)
(
3
2
+ xl
∂
∂xl
)
a˜(x), a˜∗(y)a˜(y)]
= i
∫∫
d3x d3y yj x
l [a˜∗(x)
∂
∂xl
a˜(x), a˜∗(y)a˜(y)]︸ ︷︷ ︸
−δ(x−y)a˜∗(y) ∂
∂xl
a˜(x)+a˜∗(x)a˜(y) ∂
∂xl
δ(x−y)
= −i
∫
d3x
(
xj x
la˜∗(x)
∂
∂xl
a˜(x) + xj
(
∂
∂xl
(
xla˜∗(x)
))
a˜(x)
)
= −i
∫
d3x
(
xj x
la˜∗(x)
∂
∂xl
a˜(x) − xla˜∗(x)
(
∂
∂xl
(xj a˜(x))
))
= i
∫
d3xxj a˜
∗(x)a˜(x),
where in the last lines we used the vanishing commutator of the particle number op-
erator with the coordinate operator. Moreover, we integrated over delta distributions
and performed partial integrations.
From the former commutator relation we obtain for the adjoint action of the
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NWP-operator w.r.t. dilatations the following,
eiαDXje
−iαD = Xj + iα[D,Xj ] +
i2
2!
α2[D, [D,Xj ]] + · · ·
= Xj + i
2αXj +
i4
2!
α2Xj + · · ·
=
∞∑
n=0
(i2α)n
n!
Xj = e
−αXj ,
where in the last lines we used the commutator relation between the dilatation and
the NWP-operator and the Baker-Campbell-Hausdorff formula. As in [SU12, Chapter
9.4] we look at the following expression,
Xj e
−iαD|x〉 = e−iαDeiαDXj e−iαD|x〉
= e−iαDe−αXj |x〉 = e−αxj e−iαD|x〉.
Therefore Xje
−iαD|~x〉 is an eigenvector of Xj for the eigenvalue e−αxj , thus contained
in the eigenspace He−α~x of Xj . Hence, the transformation on the creation operator of
the NWP-space has to have the following form,
eiαDa˜∗(x)e−iαD = f(α) a˜∗(eαx), (4.9)
where f(α) is a real-valued function of the transformation parameter α. To find the
concrete form of the function f we calculate the adjoint action of the coordinate
operator w.r.t. the dilatations but in the Fock representation of the NWP-space, i.e.
eiαDXje
−iαD = eiαD
∫
d3xxj a˜
∗(x)a˜(x)e−iαD
=
∫
d3xxj f(α)
2a˜∗(eαx)a˜(eαx)
= e−α
∫
d3x e−3α xj f(α)2a˜∗(x)a˜(x),
where in order for the NWP-operator to transform correctly the function f has to be
chosen as f(α) = e
3
2
α. In order to solidify our approach we apply the adjoint action
on the particle number operator in the coordinate space,
eiαDNe−iαD = eiαD
∫
d3x a˜∗(x)a˜(x)e−iαD
=
∫
d3x f(α)2a˜∗(eαx)a˜(eαx)
=
∫
d3x e−3αf(α)2a˜∗(x)a˜(x) = N,
where in the last lines a variable substitution was performed and the commutator
relation [D,N ] = 0 is used to argue that the adjoint action leaves the particle number
operator invariant and therefore the Ansatz (4.9) with explicit form of f gives us the
right transformational behavior.
To calculate the adjoint action of dilatations on the ladder operators of the
NWP-space we could have, as well, taken the well-known transformation property of
the ladder operators in momentum space. After doing so we could have performed
an inverse Fourier-transformation. However, one of the purposes of this work is to
demonstrate to the reader that all calculations can as well be done in the NWP-
space. In particular, the NWP-space is on an equal footing with the momentum space.
Since we are interested in transformations of the time translated expression of
the ladder operators we need to take the commutation relations between the
momentum and dilatation operators into account.
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Theorem 4.2. The operator φ1(x) that is responsible for calculating probabilities of
finding k-particles in k-spatial positions transforms under dilatations as follows,
eiαDφ1(x)e
−iαD = e
3
2
αφ1(e
αx).
Proof. We can rewrite the operator φ1(x) as
φ1(x) = U(x
0, I)a˜(x)U(−x0, I).
Since we know the adjoint action on the ladder operators in the NWP-space we can
directly calculate the transformation on all expressions. First we calculate the adjoint
action of the dilatations on the zero component of the momentum operator,
eiαD P0 e
−iαD = −π−2Γ(2)
∫∫
d3x d3y
1
|x− y|4 e
iαD a˜∗(x) eiαDe−iαD a˜(y) e−iαD
= −π−2Γ(2)
∫∫
d3x d3y
1
|x− y|4 e
3α a˜∗(eαx) a˜(eαy)
= eαP0,
where in the last lines we used the explicit transformation given in Equation (4.9) and
performed a variable substitution. Next, we apply the adjoint action of dilatations on
this operator and use the fact that we are dealing with unitary transformations, i.e.
eiαDU(x0, I)a˜(x)U(−x0, I)e−iαD = e 32αU(eαx0, I)a˜(eαx)U(−eαx0, I)
=
ie
5
2
αx0
2π2
∫
d3z
(
1
|eαx− z|2 − (eαx0)2
)2
a˜(z).
By using the former lemmas we calculate the adjoint action of translations, rota-
tions and dilatations on φ1(x). This is in particular important since the operator φ1(x)
is used to calculate probability amplitudes of finding k-particles in k-spatial positions.
Hence, by knowing the transformational behavior, two frames that are connected via
translations, rotations and/or dilatations can calculate the same probability by taking
the proper transformation into account.
Theorem 4.3. The operator φ1(x) transforms covariantly under space-time trans-
lations, pure rotations and dilatations, i.e.
eiαDU(y,ΛR)φ1(x)U(y,ΛR)
−1e−iαD = e
3
2
αφ1(e
α(ΛRx+ y)),
with (y,ΛR) ∈ P↑+ and α ∈ R. Moreover, the explicit transformation of the Fourier-
transformed operator a˜ under the action of the subgroup (y,ΛR) ∈ P↑+ is in coordinate
space given as,
eiαDU(y,ΛR)a˜(x)U(y,ΛR)
−1e−iαD = cy′
(
1
|Rx+ y|2 − (y0)2
)2
∗ a˜(eα(Rx+ y)),
where cy′ :=
ie−
3
2
αy0
π2 , ∗ denotes the convolution and y ∈ R4.
Proof. In order to prove the first part of the theorem we use the former Lemmas
and the algebra of the Poincaré group. First, we examine how the operator φ1(x)
transforms under space-time translations and pure rotations,
eiαDU(y,ΛR)φ1(x)U(y,ΛR)
−1e−iαD
= eiαDφ1(ΛRx+ y)e
−iαD
= e
3
2
αφ1(e
αΛRx+ e
αy)
= e
3
2
αU(eα(x0 + y0), I)a˜(e
α(Rx+ y))U(−eα(x0 + y0), I)
= e
3
2
αcy′′
(
1
|eα(Rx+ y)|2 − (eα(x0 + y0))2
)2
∗ a˜(eα(Rx+ y)),
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where cy′′ :=
ieα(x0+y0)
π2 and where for the calculation we used the transformation
property given in Theorem 4.2, the dilatation action Equation (4.8) and the explicit
time translation given in Equation (4.3).
5 Conclusion and Outlook
In this work we supported the point of view, that the NWP operator and its respec-
tive states have a physical meaning. In particular, we defined the second-quantized
version of the NWP-operator for a massless scalar field and wrote the operator in
its respective eigenbase. The meaning of the second-quantized operator is given by
its respective eigenfunctions. They are used to calculate the probability amplitude
of finding particles at certain spatial positions for a fixed time. Furthermore,
by transforming the whole conformal group into the NWP-eigenbase we showed
that this space can be treated and worked on at equal footing as the momentum space.
Although eigenstates of this operator are non-covariant w.r.t. the Poincaré
group we showed indirectly that combinations of these states are covariant. This
is proven by the fact that covariant operators remain covariant, independently of
their respective representation. Hence, even though we work with non-covariant
eigenstates, symmetries of the theory remain untouched. This is, in our opinion,
another strong argument why the coordinate space, i.e. the NWP-space, is equally
entitled from a physical point of view as the momentum space.
Moreover, we showed that the operator generating the NWP-space, i.e. φ1(x)
transforms in a covariant manner under the subgroup of space-time translations,
rotations and dilatations of the conformal group, namely
eiαDU(y,ΛR)φ1(x)U(y,ΛR)
−1e−iαD = e
3
2
αφ1(e
α(ΛRx+ y)).
Hence, given two observers that are related by space-time translations, rotations
or/and dilatations, they both measure the same probability amplitude, by taking the
respective covariant transformation into account.
Furthermore, we were able to supply an additional argument to point out the
physical relevance of the NWP-operator. Namely, it is possible, even in a second-
quantized context, to express the generators of the conformal group by using the
NWP-operator and the relativistic momentum. In our opinion this supplies a
strong argument for the physical sense of the NWP-operator, since the conformal
group can be written in terms of products of the coordinate and momentum operators.
Since we formulated the whole framework of a free massless scalar field, its re-
spective transformations and symmetries into the NWP-space, the next step in
progress is to understand localization from a non-commutative point of view. In
particular, by imposing a space-space non-commutativity the subject of interest is
to be able to calculate the probability of finding a particle at a certain mean value
of a spatial position. In our opinion, the ground work for such investigations was
presented in this paper.
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